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Abstract
In this paper, we analyze the Hawking radiation of a κ-deformed Schwarzschild black hole and obtain the deformed
Hawking temperature. For this, we first derive deformed metric for the κ-spacetime, which in the generic case, is not
a symmetric tensor and also has a momentum dependence. We show that the Schwarzschild metric obtained in the κ-
deformed spacetime has a dependence on energy. We use the fact that the deformed metric is conformally flat in the 1+1
dimensions, to solve the κ-deformed Klein-Gordon equation in the background of the Schwarzschild metric. The method
of Boguliobov coefficients is then used to calculate the thermal spectrum of κ-deformed-Schwarzschild black hole and
show that the Hawking temperature is modified by the non-commutativity of the κ-spacetime.
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I. INTRODUCTION
A proper understanding of spacetime is indispensable for formulating a quantum theory of gravity. There
are convincing arguments that usual notion of spacetime breaks down as we move up in energy scale [1–5]. In
fact, many interesting ideas about the possible structure of spacetime at the Planck regime have been brought
up by several authors (see [6–10] and referenes therein). One of the possible candidates to study the spacetime
structure at the Planck scale is the non-commutative spacetime approach. In addition, the need for modifying
special theory of relativity to incorporate an absolute length scale leads to a deformed relativity principle which
also leads to a non-commutative spacetime and the corresponding spacetime called κ-deformed spacetime is
studied in [11, 12].
One of the best place to investigate the effect of deformation of spacetime would be near a black hole. In
the vicinity of a black hole, gravity is so strong that any deformation of the spacetime structure is expected to
be tractable. Now, for an inertial observer who is at a finite distance from the event horizon, the black hole
appears to radiate particle with a thermal spectrum. The presence of this thermal radiation (known as Hawking
radiation) from black hole is a key signature of it’s quantum nature[13]. The thermal radiation of black hole is
such that the temperature of thermal spectrum would be inversely proportional to the mass of the black hole.
Now, as the black hole radiates it looses energy and its mass reduces. As it looses mass, its temperature rises
and this process continues. This led to the information loss problem and poses one of the major crisis in the
understanding of theoretical physics [14]. In order to precisely understand the situation we need to take into
account of the full quantum gravity effects. In other words, Hawking radiation reveals the thermodynamic
behaviour of spacetime (see [14] and references therein). By studying the thermal distribution of the black hole
we could look for any possible deviation of spacetime structure from the expected ones.
Since non-commutativity is speculated by various theories (see [15, 16] and references therein) as a plausible
nature of spacetime at the Planck scale, it would be interesting to investigate the characteristics of a black hole
in non-commutative spacetimes. Black holes and its thermodynamic behaviour is investigated in Moyal space
and it is argued that a possible resolution for black hole information paradox can be achieved within the non-
commutative framework. In fact, it is claimed that the curvature singularity vanishes in non-commutative
spacetime and black hole emits radiation till it becomes a zero temperature extremal black hole [17]. Non-
commutativity is viewed as smearing of spacetime points and non-commutative geometry near black holes is
studied using smeared sources rather than point like sources [18, 19]. A detailed analysis of non-commutative
black hole in Moyal space has been given in [20]. Different aspects of black hole in κ-spacetime have been
studied in [21, 22]. A phenomenon of very close relationship to Hawking radiation is Unruh effect. [23–26].
Basically, Unruh effect states that, an accelerating observer measures a thermal radiation in an inertial vacuum.
For some of the recent studies of Unruh effect in non-commutative spacetime, see [27–30].
In standard calculations of Hawking radiation, dynamics of background geometry is not taken into account.
An alternative approach to calculate Hawking radiation is presented in [31] by viewing background as dynam-
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ical and explaining the process of Hawking radiation in terms of quantum tunnelling. The method presented in
[31] leads to a correction to the spectrum of black hole radiation and leads to a non-thermal spectrum. Exten-
sion of tunnelling approach to study the Hawking radiation in non-commutative spacetime leads to a corrected
spectrum for Hawking radiation and hopes to cure the information problem [32]. By considering a Lorentz
violating dispersion relation which results in a momentum dependent metric, it was shown that the black hole
evaporation ends at a non-zero critical mass [33]. Energy dependent metric has appered in the context of
deformed special relativity also [34].
Considering different approaches in non-commutative black holes, most of the studies were carried out in
Moyal spacetime ([17–20, 32] and references therein). In this paper, we analyze the Hawking radiation in a
specific non-commutative spacetime called κ-spacetime. We use a mapping connecting the non-commutative
coordinates to commutative coordinates and momenta. Exploiting this map, the problem of Hawking radiation
in κ-spacetime is mapped to an equivalent problem in the commutative spacetime. This mapping between non-
commutative coordinates and coordinates of commutative phase space is derived by demanding the consistency
of the algebra of non-commuting variables. This mapping is used to obtain a commutative models equivalent
to the given κ-deformed model [35, 36]. This approach was used to analyze Kepler system in κ-deformed
spacetime and it was found that the deformed problem retains all the symmetries as the commutative Kepler
problem[37–39]. Using this approach, change in the dimension of κ-spacetime with probe scale was analyzed
in [40–42].
In this paper, κ-deformed black hole is chosen as a platform to investigate the features arising from the kappa
non-commutativity. We adopt a generic method to write a metric element in the κ-deformed spacetime. The
method is then used to investigate the deformation of the metric of the κ-deformed Schwarzschild black hole
spacetime. We then use a specific realization of κ-spacetime variables to study the effects of κ-deformation on
the Hawking temperature. Now, we would like to highlight three key features of our result. First feature is that
we have obtained Hawking effect using the idea that the particles in κ-spacetime obeys a twisted statistics.
It was shown in [43, 44] that the scalar field in the κ-spacetime do not satisfy φ(x)φ(y) = φ(y)φ(y). This leads
to modification of the commutation relations between creation and annihilation operators corresponding to the
quantized scalar field in the κ-spacetime. We have used this information to obtain Hawking temperature in this
paper. We used the conformal flatness of the κ-deformed Schwarzschild metric in 1+1 dimensions, to expand
the scalar field in terms of its Fourier modes in two different coordinates bases, namely Kruskal-Szekeres coor-
dinates and tortoise coordinates. The method of Boguliobov transformation is then used to relate the creation
and annihilation operators corresponding to the two coordinates. We then calculate the Boguliobov coefficients
to obtain the expression for thermal radiation from the κ-deformed-Schwarzschild black hole. Second point
is that, we apply the procedure of Euclidean time formulation of the metric (see chapter 15 of [45]) to get the
Hawking temperature in κ-deformed spacetime as elaborated in the appendix B. Given that, we had restricted
ourselves to 1+1 dimensions in our derivation of Hawking radiation, the second method is to emphasize that
the result obtained by us is independent of the dimension of spacetime under consideration. Third important
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characteristic is that, we find that the surface gravity of κ-deformed-Schwarzschild black hole is modified by
an exponential function of deformation parameter a. Hence, the Hawking temperature is also modified by the
presence of an exponential factor which depends on the deformation parameter a. We have shown that the κ-
deformed metric do get energy and momentum dependent modifications in the κ-deformed spacetime. Further,
all the results obtained fall back to familiar commutative results, when we let the deformation of spacetime to
vanish.
It is to be noted that there are different approaches in studying various aspects of gravity in the non-
commutative framework. Deriving a non-commutative version of Einstein equation valid in non-commutative
spacetime and analyzing thus obtained non-commutative Einstein equation is one approach.Another possibility
is to start with a non-commutative counterpart of the commutative model of the system under consideration.
Such non-commutative counter-parts of commutative systems are constructed primarily by imposing the re-
striction that in the limit of non-commutative parameter vanishing, we get back the well known commutative
model. Non-commutative models constructed in this approach serve as a testing ground to study the possible
effects of non-commutativity in the problem addressed. It is to cautioned that these non-commutative models
may not be solution to the yet, unknown κ-deformed Einstein equation. Thus, aim here is only to take a first
step towards the study of modification of black hole physics in the κ-deformed spacetime. But this in itself is
important as this provides insights in to the κ-deformation and its implications in black hole physics. Since, the
current understanding of a κ-deformed Einstein’s equation is incomplete, we choose the latter approach in this
paper.
There are two possible approaches for constructing and studying models in κ-deformed spacetime. Per-
forming calculation using the functions of non-commutative coordinates is an option, while another is to work
in terms of non-commutative functions expressed in terms of commutative variables. This second approach
uses a mapping of non-commutative coordinates in terms of commutative coordinates, their derivatives and
the non-commutative parameter. It is known that for κ-deformed spacetime, many different realisations of the
non-commutative coordinates exist. It is also known that the choice of realisations is equivalent to the choice of
ordering of non-commutative coordinates in defining functions in non-commutative spacetime and also related
to the choice of star-product. Since there exist many realizations of κ-spacetime(see [46] for more details), we
have chosen a specific realization in this paper.
Organization of this paper is as follows. In section 2, we start with a particular choice of realization of
non-commutative variables which map variables in κ-spacetime to variables in the commutative spacetime.
This enables us to perform our computations using familiar commutative methods. We then utilize the general
commutation relations for non-commutative coordinates to derive the deformation of the metric. We obtain the
deformed metric for the κ-spacetime and find the corrections to the metric elements due to κ-deformation of
spacetime. We show that the deformed metric depends on the energy and momentum, and when the deforma-
tion parameter is set to zero (i.e., a → 0), all the additional contributions to the metric vanish. In the third
section, we deal with the κ-deformed-Schwarzschild metric. The deformed metric obtained after mapping to
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the commutative variables has the usual spherically symmetric form. We investigate the temperature of the
Hawking radiation for this metric using two different approaches. In the first case, we expand a massless scalar
field in the background of the deformed metric in 1+1 dimensions. Here, it is to be emphasized that the con-
formal flatness of the deformed metric is exploited, so that all our calculations will be simplified to that of a
flat metric. We now expand the Fourier modes of the field, with respect to two different choice of basis. The
expectation value of number operator in one basis is then calculated in terms of vacuum state of other basis
and the thermal distribution behaviour of the vacuum state is established. In the remaining section, we present
a different route to this result. We use the path integral formulation with imaginary time method to identify
the temperature with the surface gravity. Finally, in the last section, the effect of deformation factor is studied
for various energy scales and an order of magnitude analysis is done for the deformation parameter, a. Our
concluding remarks are also given here. In appendix A, we give details for deriving the realization of variable
yˆ, used in our calculations, in terms of commuting variables. The variable yˆ is introduced such that it commutes
with the non-commuting coordinate xˆ (see [36, 47]). Finally, in appendix B, we give a brief treatment of Hawk-
ing temperature in the Euclideanised metric. We first identify the point of singularity in the metric and then
the line element is expressed around the point of singularity. The expression obtained after applying imaginary
time formalism is compared with spherically symmetric deformed metric in the Euclidean space. The condition
to avoid coordinate singularity is utilized to obtain the expression for inverse temperature.
II. DEFORMATION OF METRIC IN κ-DEFORMED SPACETIME
In this section, we present a method to obtain the deformed metric in the κ-deformed spacetime. We demand
that the variables in κ-deformed phase space obey the commutation relation
[xˆµ, Pˆν] := igˆµν, (1)
and we identify the R.H.S. as the metric of the deformed spacetime. Then, we introduce an auxiliary variable
yˆµ such that it commutes with xˆµ and in addition satisfies all the other properties as xˆµ. We then proceed to
obtain the components of the deformed metric.
We choose a specific realization of κ-spacetime given by (for details see [35, 36, 48])
xˆµ = xαϕ
α
µ , Pˆµ = gαβ(yˆ)k
βϕαµ, (2)
where gµν(yˆ) possess the same functional form as the corresponding metric in the commutative space and
kβ is the momentum defined in the commutative spacetime, (for details see section 3.2 of [36]). The metric
gµν(yˆ) is obtained by replacing the coordinates in the corresponding metric of commutative spacetime with the
coordinates of yˆµ. This yˆµ coordinates satisfying eqn. (5)-(7) are introduced to simplify the calculations (see
[47] for details).
The coordinates of the κ-deformed spacetime satisfy the commutation relations,
[xˆ0, xˆi] = iaxˆi, [xˆi, xˆ j] = 0, (3)
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where a is the deformation parameter. By demanding eqn. (2) satisfy eqn. (3), we obtain
ϕ00 = 1, ϕ
0
i = 0 = ϕ
i
0, ϕ
i
j = δ
i
je
−ak0 . (4)
Note here that the realization ϕ
µ
ν have no explicit ~p dependence unlike the realization used in [47].
The yˆµ appearing in eqn. (2) satisfy
[yˆ0, yˆi] = iayˆi, [yˆi, yˆ j] = 0, (5)
and the condition
[yˆµ, xˆν] = 0, (6)
is used as a defining equation (see [47]). We demand that yˆµ can be expressed in terms of commutative coordi-
nates and momenta as
yˆµ = xαφ
α
µ . (7)
Using eqn. (7) in (6), a straightforward computation yields us (see appendix)
yˆ0 = x0 − ax jk
j, (8)
yˆi = xi. (9)
Once we have the expression of yˆµ, we are all set to find the deformation of metric in κ-spacetime. The
metric can be derived from the expression [36],
[xˆµ, Pˆν] ≡ igˆµν = igαβ(yˆ)
(
kβ
∂ϕαν
∂kσ
ϕσµ + ϕ
α
µϕ
β
ν
)
, (10)
where we have used eqn.(2). The gˆµν so obtained, will give us the deformed metric. The deformed metric gµν(yˆ)
is obtained by replacing commuting coordinates with κ-deformed coordinates in the metric of commutative
spacetime and thus gαβ(yˆ) = gβα(yˆ).
Using the realizations given in eqns.(2) and (4), we calculate the R.H.S of eqn. (10) for each index combi-
nations. Thus, we get
[xˆ0, Pˆ0] = ig00(yˆ) (11)
[xˆ0, Pˆi] = igi0(yˆ)(1 − ak
0)e−ak
0
− agik(yˆ)k
ke−ak
0
, (12)
[xˆi, Pˆ0] = igi0(yˆ) exp
(
−ak0
)
(13)
[xˆi, Pˆ j] = igi j(yˆ) exp
(
−2ak0
)
. (14)
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We now define the line element in κ-spacetime using the deformed metric as
ds2 = gˆµνdxˆ
µdxˆν, (15)
where gˆµν is deformed metric expressed in terms of commutative variables. The components of this deformed
metric can be read-off from the eqns. (11)-(15) and are given by
gˆ00 = g00(yˆ), (16)
gˆ0i = gi0(yˆ)(1 − ak
0)e−ak
0
− agim(yˆ)k
me−ak
0
, (17)
gˆi0 = g0i(yˆ) exp
(
−ak0
)
, (18)
gˆi j = g ji(yˆ) exp
(
−2ak0
)
. (19)
Note that gˆµν depends on the deformed four momenta through its dependence on gµν(yˆ). A similar feature
of the metric, with a dependence on energy and magnitude of spatial momentum vector, was seen in the con-
text of study of evaporation of black hole [33]. It has been argued that such dependence in metric is natural
consequence of presence of minimal length [49]. An interesting feature of the metric in eqns.(16)-(19), is that
it has an explicit dependence on k0 through the exponential terms appearing in the above equation and we will
see later that this feature is significant for our result. In the limit k0 → ∞ (keeping a , 0), we will only
have time-like line elements as all of the metric elements except gˆ00 vanishes. For the case, a , 0, k
0 → 0,
the deformation of metric arise only through the realization of yˆµ. When we let k
0 → ∞, a → 0 (such that
ak0 =constant), we see that g00(yˆ) will reduce to the usual commutative metric and the deformation arise solely
from terms with explicit k0 dependence. It is interesting also to see that we recover the commutative metric
in the limit a → 0, independent of the value of k0. A quick inspection of the metric elements reveal that the
resulting non-commutative metric is asymmetric (see eqn.(17)-(19)). This asymmetry is clearly a result of non-
commutativity and as we let the deformation parameter to zero, we obtain a metric which is symmetric under
the exchange of indices, as expected in the commutative spacetime. Furthermore, the metric element gµν(yˆ)
has the same functional form of the metric element of the corresponding commutative spacetime but now ex-
pressed in terms of non-commutative variable. With our choice of realization (see eqns. (8), (9)), we find that
there are two kinds deformations for the metric elements. First kind of deformation arise from the exponential
factor arising in eqns. (16) - (19). The second kind of deformation arise from the realization of yˆµ in terms
of commuting variables. For our present realization, the second kind of deformation change only those metric
elements that have explicit time dependence (see eqn. (8)).
The explicit form of line element is thus
ds2 = g00(yˆ)dx
0dx0
+
(
g0i(yˆ)(1 − ak
0)e−ak
0
− agik(yˆ)k
ke−ap
0
)
dx0 exp
(
−ak0
)
dxi
+ gi0(yˆ) exp
(
−ak0
)
exp
(
−ak0
)
dxidx0
+ gi j(yˆ) exp
(
−4ak0
)
dxidx j.
(20)
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We immediately recognise that the metric in κ-deformed spacetime is an asymmetric metric, with asymmetry
arising from the cross term in space and time indices. We have to keep in mind that the factors, gµν(yˆi) has same
form as the metric elements in usual commutative spacetime but now expressed in terms of coordinate yˆi. In
our case, the choice of realization leads to yˆi = xi and this is to be contrasted with the situation studied in [47],
where the realization of yˆi has a dependence on deformation parameter.
III. SCHWARZSCHILD METRIC IN κ-SPACETIME AND DEFORMED HAWKING TEMPERATURE
In this section, we derive Schwarzschild metric in κ-spacetime and using this we obtain modified Hawking
temperature. We use the metric components obtained in the last section to write down the line element in
κ-spacetime. We first start with the Scwarzschild metric in the Minkowski spacetime,
ds2 = −
(
1 −
2GM
r
)
dt2 +
1
1 − 2GM
r
dr2 + r2dΩ2. (21)
It should be cautioned that above metric components is written in polar coordinates whereas the metric com-
ponents we obtained in (16)-(19) are in Cartesian coordinates. Eqn.(9) tells us that, gµν(yˆi) = gµν(xi). In other
words, metric components, gµν(yˆi), which depend only the non-commutative spatial coordinates yˆi, is the same
as the metric element in commutative spacetime. Thus the metric that is of relevance for us would be of the
form,
ds2 = g00(yˆ)dx
0dx0 + gi j(yˆ) exp
(
−4ak0
)
dxidx j. (22)
Note that we have assumed c = 1 in the above equation. In order to write the κ-deformed-Schwarzschildmetric,
first we have to transform the metric from Cartesian to polar coordinates. So the resulting metric in polar
coordinates will be
ds2 = g00(yˆ)dx
0dx0 + exp
(
−4ak0
) [
grr(yˆ)dx
rdxr + gθθ(yˆ)dx
θdxθ + gφφ(yˆ)dx
φdxφ
]
. (23)
Since, gµν(yˆ) is obtained by replacing the commutative coordinates of corresponding coordinates with yˆi, we
write down the deformed Schwarzschild metric as
ds2 = −
(
1 −
2GM
r
)
dt2 +
1
1 − 2GM
r
exp
(
−4ak0
)
dr2 + r2 exp
(
−4ak0
)
dΩ2. (24)
A change of coordinate given by
r → r˜ = e−2ak
0
r (25)
in the above equation will lead us to the κ-deformed Schwarzschild metric, identical in form as in the commu-
tative spacetime, i.e.,
ds2 = −
(
1 −
rs
r˜
)
dt2 +
1
1 −
rs
r˜
dr˜2 + r˜2 dΩ2. (26)
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where we have defined,
rs = 2GMe
−2ak0 . (27)
The above expression for the Schwarzschild radius has a modification arising from the κ-deformation of space-
time. Because of this a-dependent factor, we have an exponential dependence on k0 and thus, the effect of
deformation on rs will be more prominent at smaller values of k
0’s. We get the familiar expression for rs, in
the limit a → 0. Note that the deformation of the θ, φ dependent part of the deformed metric in eqn.(26) is only
through the overall multiplicative factor r˜2, showing that the deformed metric is spherically symmetric as in the
commutative spacetime.
We will now, for convenience, restrict to 1+1 dimensional spacetime. It has to be emphasized that all the
necessary physical information, for our purpose, is retained in the two-dimensional case. An immediate advan-
tage of working in 1+1 dimensions, is that, we could use the fact that 1+1 dimensional deformed Schwarzschild
metric obtained is conformally flat, which simplifies our calculation. By conformally flat, we mean a metric
which can be written in the form
ds˜2 = Θ2ds2 = Θ2
(
dx2 − dt2
)
= Θ2dudv, (28)
where Θ is the conformal factor and u, v denote the light-cone coordinates.
Before proceeding further we will now briefly outline two coordinate systems that will be of use. We write
down the κ-deformed Schwarzschild metric in 1+1 dimension as
ds2 = −
(
1 −
rs
r˜
)
dt2 +
1
1 −
rs
r˜
dr˜2. (29)
Note that the effect of κ-deformation is appearing through r˜ and rs (see eqns. (25) and (27)). The corresponding
surface gravity (surface gravity is the effective strength of gravitation at the surface of a gravitating body, see
[50] for details) is given by,
κs =
1
2rs
=
1
4GMe−2ak
0
. (30)
Next, we generalize the tortoise coordinates r∗(r) = r − rs + rsln
(
r
rs
− 1
)
, which is defined for r > rs to
κ-deformed spacetime as
r˜∗(r˜) = r˜ − rs + rsln
(
r˜
rs
− 1
)
. (31)
Notice that the rs appearing in the above equation is the κ-deformed Schwarzschild radius given in eqn.(27)
and r˜ is the deformed radial coordinate given in eqn. (25). Changing into the κ-deformed tortoise light cone
coordinates,
U = t − r˜∗, V = t + r˜∗, (32)
the κ-deformed metric in eq. (29) can be re-expressed as
ds2 =
(
1 −
rs
r˜(U,V)
)
− dUdV. (33)
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The above coordinate system (eqn. (31)) is singular at r = rs. We can remove this coordinate singularity by
a change of variables and analytically continuing the coordinate system to cover whole of spacetime, i.e., by
using variables
u = −2rs exp
(
−
U
2r˜s
)
, v = 2rs exp
(
V
2rs
)
(34)
which are the κ-deformed light cone Kruskal-Szekers coordinates. Note that the effect of deformation enter
through a-dependence of rs,U and V .
In this κ-deformed light cone Kruskal-Szekers coordinates, the metric takes the shape
ds2 =
rs
r˜(u, v)
exp
(
1 −
r˜(u, v)
rs
)
dudv. (35)
Note that rs appearing here is the Schwarzschild radius given in eqn.(27). In the limit a → 0, we recover the
commutative metric.
We now briefly sketch the derivation of Hawking radiation in commutative space-time. It is a known fact
that vacuum is not uniquely specified in a curved spacetime. Our choice of coordinates dictate the behaviour
of vacuum. In order to study the Hawking radiation, the scalar field under consideration is expanded in two
different basis, namely in the Kruskal-Szekers coordinates and tortoise coordinates. Boguliobov transformation
is then used to connect the creation (annihilation) operators in the two basis. Using the normalisation condi-
tion for the Boguliobov transformation, one calculates the average number density of particles in the Kruskal
vacuum. The number density obtained has the form of thermal distribution of particles and this identification
is then used to obtain the corresponding formula for the temperature of the Hawking radiation. Coming back
to the κ-deformed case, we follow the same algorithm, except that the creation (annihilation) operators obey
a different algebra owing to deformation of the spacetime. This, in addition to the fact we have a modified
expression for surface gravity gives us the modified Hawking temperature in κ-deformed spacetime.
The action of scalar theory in 2 dimensional κ-deformed spacetime can be formally written as
S = −
∫
d2x
√
−gˆ
1
2
Φ
(
gˆµνD˜
µD˜ν
)
Φ. (36)
Where D˜ is the covariant derivative of the deformed spacetime under consideration.
Since the metric in eqn.(35) has the form of conformally flat metric given in eqn.(28), we could replace gˆµν
with the flat metric ηµν and hence the action becomes
S = −
∫
d2x
1
2
Φ
(
ηµνD
µDν
)
Φ. (37)
Euler-Lagrange equation following from the above equation, gives us the massless Klein-Gordon equation,
(
ηµνD
νDµ
)
Φ = 0. (38)
In the above equation, we have introduced a generalised derivative called Dirac derivative, denoted Dµ, which
transform like a vector under undeformed Poincare transformation [35]. The explicit form of the Dirac deriva-
tive is given by
Di = ∂i
e−A
ϕ
, D0 = ∂0
sinh A
A
− ia∇2
e−A
2ϕ2
, (39)
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where A = −i∂0. The Casimir of the Poincare algebra has the form
DµD
µ = (1 −
a2
4
) (40)
with the operator  given by
 = ∇2
e−A
ϕ2
+
2∂2
0
A2
(1 − cosh A) (41)
With identification Pµ = iDµ, the deformed dispersion relation is given by
4
a2
sinh2(
ap0
2
) − p2i
e−ap0
ϕ2(ap0)
+
a2
4
[
4
a2
sinh2(
ap0
2
) − p2i
e−ap0
ϕ2(ap0)
]2
= 0, (42)
where p0 and pi are energy and momentum in the commutative spacetime.
Thus the generalised Klein-Gordon equation in κ-spacetime is
(

(
1 +
a2
4

)
− m2
)
Φ(x) = 0. (43)
We can decompose the field φ satisfying Klein-Gordon equation into positive and negative frequency solution,
in the Kruskal-Szekeres coordinates as
Φ(x) =
∫
dω
2|p|
[
A(ωp, p)e
iωU + A†(ωp, p)e
−iωU
]
+
∫
dω
2|p|
[
A(ωp, p)e
iωV + A†(ωp, p)e
−iωV
]
, (44)
Here p0 := ωp is obtained from (42) with ϕ = e
iap0 . Note that the vector momentum ~p in one-dimensional
space is just a number. In the case of 3+1 spacetime, we would have a vector with three components. Thus we
use just p and not ~p as in the 3+1 dimensional case as in eqn.(44) and equations below. We define the vacuum
state, called Kruskal vacuum state, corresponding to Kruskal-Szekers coordinate as
Aω |0K〉 := A(ωk, p)|0K >= 0. (45)
The suffix K in |0K > is to denote that the vacuum is associated with the Kruskal-Szekeres coordinate. It is
known that if we interchange two κ-deformed bosonic fields, we end up with an additional factor as compared
with the commutative case [43, 44]. This would lead to a deformed commutation relation between annihilation
(creation) operators. For two bosonic fields, interchange of fields in the products results in
φ(x) ⊗ φ(y) − e−(A⊗N−N⊗A)φ(y) ⊗ φ(x) = 0 (46)
where Ax = −ia∂
x
0
, Nx = xi∂
x
i
(see [43] for details). This leads to the deformed commutation relation
A(p0, p)A(q0, q) − e
−a(q0∂p p−∂qqp0)A(q0, q)A(p0, p) = 0 (47)
A(p0, p)A
†(q0, q) − e
+a(q0∂p p−∂qqp0)A†(q0, q)A(p0, p) = δ(p − q) (48)
A†(p0, p)A
†(q0, q) − e
−a(q0∂p p−∂qqp0)A†(q0, q)A
†(p0, p) = 0 (49)
A†(p0, p)A(q0, q) − e
−a(−q0∂p p+∂qqp0)A(q0, q)A
†(p0, p) = −δ(p − q) (50)
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It is to be noted the combination ∂qq = q∂q + 1. (The factor 1(=
∂q
∂q
) appear because we are working in a
spacetime with one spatial coordinate. Contrast this with the factor 3 appearing in eqn.(87-90) in [44]). The ex-
pressions given by eqns.(47)-(50) are κ-deformed analog of commutation relations of creation and annihilation
operators in the commutative spacetime. One can define a deformed product called “o-product” to re-express
eqn. ((48)) in a compact way as in [43], i.e.,
A†(p) ◦ A(q) = e
a
2
(p0−q0)A†(e+a
ωq
2 p)A(e−a
ωp
2 q). (51)
Consider now a mode expansion of field Φ(x) satisfying eqn. (43) in tortoise coordinates. We obtain
Φ(x) =
∫
dΩ
2|p|
[
B(p′0, p)e
iΩu + B†(p′0, p)e
−iΩu
]
+
∫
dΩ
2|p|
[
B(p′0, p)e
iΩv + B†(p′0, p)e
−iΩv
]
(52)
where p′
0
= Ωp = κsωp, with the dependence on the deformation parameter, a coming from the the surface
gravity term κs(see eqn. (30)) and from the expression for p0 = ωp given by eqn.(42). Note thatΩp is the energy
in the deformed Kruskal-Szekers coordinate system and ωp is the energy in the deformed tortoise coordinates
given in eqn. (42) (See for example, chapter 8 of [51]). Note that B and B† appearing in eqn. (52) also obey
twisted commutation relations as A, A†. These relations can be obtained by replacing A and A† with B and B†
in eqn. (47) to (50), respectively. This will allow us to define modified o-product for B and B†, which will
have exactly the same form as in eqn.(51). We can also define the vacuum state corresponding to the tortoise
coordinates, called Boulware vacuum, as
BΩ|0B >:= B(p
′
0, p)|0B >= 0. (53)
Now, B(p′
0
, p) can be expressed in terms of A and A† in the form
A(ω, p) =
∫
dΩ
(
αΩωB(Ω, p) + βΩωB
†(Ω, p)
)
(54)
where α, β are known as Boguliobov coefficients. Further, the inverse Boguliobov transformation is given by
B(Ω, p) =
∫
dω
(
αΩωA(ω, p) − βΩωA
†(ω, p)
)
(55)
Now demanding that A (B) obey the eqns. ((47)-(49)), we will derive the relations satisfied by the coeffi-
cients, α and β. We start with the eqn. (48), and proceed to understand the properties of Boguliobov coeffecient.
Using eqn. (54), L.H.S. of eqn. (48) will take the form∫
dΩpdΩq
[
αB(p) + βB†(p)
] [
α∗B†(q) + β∗B(q)
]
−
e+a(q0∂p p−∂qqp0)
[
α∗B†(q) + β∗B(q)
] [
αB(p) + βB†(p)
] (56)
which is written as ∫
dΩpdΩq αα
∗B(p)B†(q) − e+a(q0∂p p−∂qqp0)αα∗B†(q)B(p)
+ αB(p)β∗B(q) − e+a(q0∂p p−∂qqp0)α∗B†(q)βB†(p))
+ βB†(p)α∗B†(q) − e+a(q0∂p p−∂qqp0)β∗B(q)αB(p)
+ βB†(p)β∗B(q) − e+a(q0∂p p−∂qqp0)β∗B(q)βB†(p).
(57)
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With the help of eqns. (47)-(49), we get from eqn.(57)
∫
dΩpdΩq αα
∗δ(Ωp −Ωq) − ββ
∗δ(Ωp −Ωq)
+ αβ∗
(
B(p)B(q) − e+a(q0∂p p−∂qqp0)B(q)B(p)
)
βα∗
(
B†(p)B†(q) − e+a(q0∂p p−∂qqp0)B†(q)B†(p))
)
= δ(ωp − ωq).
(58)
or ∫
dΩp
(
αΩpωpα
∗
Ωpωq
− βΩpωpβ
∗
Ωpωq
)
+
∫
dΩpdΩq
αβ∗
(
B(p)B(q) − e+a(q0∂p p−∂qqp0)B(q)B(p)
)
+
βα∗
(
B†(p)B†(q) − e+a(q0∂p p−∂qqp0)B†(q)B†(p))
)
= δ(ωp − ωq).
(59)
Using eqn. (55) in (52), we obtain an expression for Φ(x) in terms of A(p0, p) and Boguliobov coefficients.
But this expression should be equal to eqn.(44). Equating the two expressions and carrying out straightforward
algebra, gives us
αΩω =
1
2πκs
√
Ω
ω
e
πΩ
2κs exp
(
iΩ
κs
ln
ω
κs
)
Γ(−
iΩ
κs
), (60)
βΩω = −
1
2πκs
√
Ω
ω
e
− πΩ
2κs exp
(
iΩ
κs
ln
ω
κs
)
Γ(−
iΩ
κs
) (61)
Using the “o-product” defined for B, similar to the one defined in eqn. (51), expression for the number operator
in the tortoise coordinates takes the form
NT (p) = B
†(p) ◦ B(p) = B†(e+a
Ω
2 p)B(e−a
Ω
2 p). (62)
Here, the subscript T is to emphasis that the number operator is associated with the tortoise coordinates. From
Eqn. (55), we find the expectation value of this number operator in Kruskal vacuum to be
< NT (p) > =< 0K |
∫
dωpdωqβ
∗
ΩωβΩω′A(e
+a
ωp
2 p)A†(e−a
ωp
2 p)|0K > (63)
This immediately gives us
< NT (p) >=
∫
dω|βΩω |
2. (64)
The condition (59), for the case Ωp = Ωq and p = q, and p
0 = q0, will be simplified to
∫
dΩ
(
|αΩω|
2 − |βΩω|
2
)
= δ(0). (65)
Taking into account of eqn.(61), we obtain from eqn.(65),
< NT (p) >=
∫
dω|βΩω |
2 =
[
exp
(
2πΩ
κs
)
− 1
]−1
δ(0). (66)
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Thus, average particle density in the Kruskal vacuum is
n(Ω) =
< NT (p) >
V
=
[
exp
(
2πΩ
κs
)
− 1
]−1
. (67)
The expression can be easily identified with Bose-Einstein distribution having temperature
TH =
κs
2π
=
1
8πGMe−2ak
0
. (68)
We have thus obtained a thermal distribution for a κ-deformed-Schwarzschild black hole. We thus see that a
black hole in κ-deformed spacetime could radiate with effective temperature which depends inversely on its
mass as in the commutative case. Notice that we have a k0 dependence on our metric. Demanding that the
k0 satisfies the dispersion relation k0
2
= ~k2 + m2, we can interpret k0 as the energy scale. The significance of
our result is that the Hawking temperature now has a dependence on the energy scale. Since k0 is the energy
scale appearing in the metric and therefore, it must be the energy scale at which the black hole is formed. Note
that eqn.(68) suggest that a black hole formed at a higher energy scale will a have a higher TH than another
black hole formed at a lower energy scale. Also note that the Hawking temperature will be higher than that in
commutative case (for a > 0). In the limit a → 0, this k0 dependence vanishes and we recover the usual result
as expected. For a > 0, we see that TH increases whereas for a < 0, it decreases (we have taken k
0 > 0).
Employing the formula,
TH =
surface gravity
2π
. (69)
(Validity of this expression in non-commutative spacetime is explained in appendix B.) Now, we infer that the
Hawking temperature corresponding to the metric given in eqn. (29) to be
TH =
1
4πrs
=
1
8πGMe−2ak
0
(70)
with deformed surface gravity κs = 1/2rs. This equation matches exactly with the expression (eqn. (68)). This
confirms that the result obtained is valid even for the case of 3+1 dimensions, even though our calculations
leading to eqn. (68) is carried out in 1+1 dimensions.
IV. DISCUSSIONS AND CONCLUSION
Study of structure of spacetime is attracting interest these days as it can shed light into an understanding of
quantum theory of gravity. In the present paper, we have used the framework of κ-deformed spacetime to study
the spacetime around a κ-deformed-Schwarzschild black hole. It is well known that black hole has a temper-
ature and it radiates thermally, when we take into account the quantum aspects of black holes. In the present
paper, we have studied the radiation of κ-deformed- Schwarzschild black hole. A more formal approach to un-
derstand the κ-deformed would be to derive the non-commutative Einstein equation and use the solution to this
κ-deformed Einstein equation and analyze the κ-deformed black hole. However, in this paper we have used a
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minimalistic approach to deal with κ-deformed- Schwarzschild. We have considered a non-commutative gener-
alisation of Schwarzschild black hole by demanding that we retain the commutative Schwarzschild solution as
we let the κ-deformation parameter to vanish. For this, we started with a realization of κ-spacetime variables in
terms of commutative variables. This realization was then used to construct a deformed metric using commu-
tation relations of the phase space coordinate associated with the κ-spacetime. The main features of our metric
are: (i) the κ-deformed metric has additional terms depending on the deformation parameter a. The presence
of these factors reveal the extend of deformation of the spacetime, (ii) the κ-deformed metric is not symmetric
under the interchange of its indices, (iii) the resulting metric has a k0 dependence, which can be interpreted as
dependence on the energy scale of the spacetime. It should be emphasized that all these features of the metric
due to the κ-deformation vanish when the deformation parameter is set to zero. Next, we have used these results
to set up a κ-deformed-Schwarzschild metric and thermal radiation of the deformed Schwarzschild black hole
is calculated. This is done by studying κ-deformed massless scalar field in the background of κ-deformed space-
time with Schwarzschild metric. We have shown that the 1+1 dimensional κ-deformed Schwarzschild metric
is conformally flat. This allows us to set up the scalar field theory in the Schwarzschild background by re-
placing the κ-deformed Schwarzschild metric with the scalar theory in the κ-deformed Minkowski spacetime.
We then Fourier expanded the Klein-Gordon field, both in the κ-deformed Kruskal-Szekers coordinates and
κ-deformed tortoise coordinates. Using the fact that the creation (annihilation) operators in both coordinates
are related by a Boguliobov transformation, we derived relations between creation (annihilation) operators of
Kruskal-Szekers coordinates and tortoise coordinates. Bogiliobov coefficients are then obtained and this result
is used to calculate the particle number density by evaluating the expectation value of the number operator in
κ-deformed tortoise coordinates on κ-deformed Kruskal vacuum. Particle number so calculated led us to an
expression for modified thermal radiation. This result is used to identify the Hawking temperature of deformed
Schwarzschild black hole.
Using the modified Hawking temperature, we calculate the entropy of deformed Schwarzschild black hole
(see for eg. [50]),
S = c2
∫
dM
TH
=
∫
dM
8πGkBM exp
(
ak0
c~
)
hc
=
4πGkBM
2 exp
(
−2ak0
c~
)
hc3
. (71)
From now onwards, we set the value of Boltzmann constant to one. For the case of Schwarzschild black hole,
the area of horizon is given by
A = 4πr2s =
16πG2M2 exp
(
−4ak0
c~
)
c4
(72)
and thus the expression in eqn.(71) for the entropy takes the form
S =
c3A
4G~ exp
(
−2ak0
c~
) . (73)
Note that the entropy has a dependence on energy scale k0 as well as on deformation parameter. We thus have a
correction to entropy resulting from the deformation of the spacetime. Note that in the limit a → 0, we recover
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Hawking-Bekenstein formula
S =
c3A
4G~
. (74)
From eqn. (73), we note that S increases as k0 increases, for fixed values of non-commutative parameter a. An
analysis of the specific heat is also helpful in understanding the thermodynamical nature of black hole. The
specific heat (in natural units) is given by
C =
∂TH
∂M
= −
1
8πM2e−2ak
0
. (75)
We see that system is thermodynamically unstable, as in the commutative case, since the temperature rises as the
mass decreases. The presence of the exponential factor e−2ak
0
means that κ-deformed specific heat will be more
negative at higher energy levels (for a > 0), compared with that of the commutative spacetime. We also see
that the expression matches identically with the commutative spacetime result when we take the deformation
parameter to zero.
We will now analyze the effect of deformation at various energy scales. Before proceeding, we will write
down eqn. (70)
TH =
hc3
8πGkBM exp
(
−2ak0
c~
) , (76)
where we brought back the Boltzmann’s constant, kB . We recognize that the factor e
−2ak0
c~ to be crucial in
determining the effect of κ-deformation of spacetime on Hawking temperature. A striking feature of our result
is that, in the κ-deformed spacetime, the Hawking temperature has a dependence on the energy scale at which
we probe the system. See the following fig.(1) for an illustration of the deviation of Hawking temperature due
to deformation of the spacetime. From the figure, we observe that the Hawking temperature varies more from
the commutative result as we move up in energy (note that we have plotted energy (k0 in joules) vs Hawking
temperature (TH in kelvin) in these figures). If we take up the example of a black hole of mass of 10
6M⊙, we
see that variation of TH with energy is more prominent when the order of deformation parameter is of larger
magnitude. Also, notice that, for deformation parameter of the order of magnitude of 10−40, the difference
between deformed Hawking temperature and the Hawking temperature of commutative spacetime is negligible
for the current accessible energy scales. This means that at the energy scale considered, effects of deformation
is more prominent only if a > 10−40.
While studying the deformation of metric in the κ-deformed spacetime, we found that the metric, in general,
will be asymmetric in cross terms of space and time coordinates (see gˆoi and gˆio in eqn.(17) and(18)). For a
general deformed metric, we see that the metric will have the form of usual commutative spacetime metric
when we take the limit k0 → ∞ and a → 0, by keeping the product k0a to be finite. For the limit k0 → ∞
with a , 0, the only non-vanishing component of metric is gˆ00. If we let k
0 → 0 by keeping a , 0, then
the only deformation in the metric arise from the functional form of realization of yˆµ. In this limit, we see
from eqn. (68) that TH is same as that of the commutative case irrespective of the value of a. But one may
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FIG. 1: Variation of Hawking temperature, for a black hole
of mass 106M⊙ with energy, for the case a ∼ 10
−34m
still have the effect of deformation on TH through deformed Newton’s constant G (see [36, 52]). Also, one
may get a dependence through a deformed m appearing in eqn. (68) (see [37–39, 53]). Here we focused
on the effect of deformed Schwarzschild metric in κ-spacetime on Hawking radiation. Since, the deformed
Schwarzschild metric does not have any off-diagonal terms, it is completely symmetric under the interchange
of indices. The κ-deformed Schwarzschild metric, has a modification compared with the commutative case,
arising from the presence of factors with a dependence in the deformation parameter a. This deformation enter
the metric through the dependence of r˜ and rs (see eqn. (25) and (27)). Note that the dependence of r˜ and
rs on a is through the combination ak
0. Note that the deformed metric do not have any a dependence that is
independent of k0. This is the reason of the dependence of TH on ak
0. As stated, dependence on a, independent
of k0, can appear through a deformed Newton’s constant [36, 52] and deformed mass parameter [53]. Also, we
have found that due to presence of deformation of metric, the surface gravity for a κ-deformed-Schwarzchild
black hole gets modified. Investigation of thermal radiation in the presence of a Schwarzschild-like metric
have shown modification of temperature of Hawking radiation. Our calculation gives a correction to entropy of
κ-deformed Schwarzschild black hole so that the resultant entropy is higher than the commutative result, for a
given energy scale (with a > 0). For the case, where the deformation of the spacetime vanishes, correction to
the entropy vanishes and the entropy reduces to familiar expression. Thus, it seem that Hawking temperature of
the black holes formed, when the energy density of universe is higher, were higher than the black holes formed
latter. As a → 0, TH of all black holes become independent of the energy scale. This may have implications
for the primordial black holes. It has been argued that a distinction between Hawking effect and Unruh effect
is possible in a consistent way (see [54] and refereces therin). It will be of interest to see how this effect is
affected by non-commutativity of spacetime.
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SRF scheme. EH thanks SERB, Govt. of India, for support through EMR/2015/000622.
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Appendices
A. DEFORMED METRIC COMPUTATION
In this appendix, we derive a realization for auxiliary variable yˆµ introduced in Section II. We start with
conditions satisfied by yˆµ given by eqns. (5),(6), to express the non-commutative variable yˆµ in terms of com-
mutative variables. Thus we start with
0 = [yˆ0, xˆ0] = [xαφ
α
0 , xβϕ
β
0
] = xβ[xα, ϕ
β
0
]φα0 + xα[φ
α
0 , xβ]ϕ
β
0
, (77)
= xβϕ
β
0,α
φα0 − xαφ
α
0,βϕ
β
0
,= xβϕ
β
0,0
φ00 − xαφ
α
0,0ϕ
0
0 (78)
where we have used the fact that ϕi
0
= 0 (eqn. (4)). Also, note that the commutators between φαβ and ϕ
α
β are
identically zero as both of the realizations are function of pµ. We thus have
φα0,0 = 0. (79)
Starting with 0 = [yˆ0, xˆi], we get
0 = [yˆ0, xˆi] = [xαφ
α
0 , xαϕ
α
i ] = xβ[xα, ϕ
β
i
]φα0 + xα[φ
α
0 , xβ]ϕ
β
i
(80)
= x jϕ
j
i,0
φ00 − x0φ
0
0, jϕ
j
i
− xkφ
k
0, jϕ
j
i
(81)
This implies that
φ00, j = 0 and φ
k
0, j + aδ
k
jφ
0
0 = 0. (82)
Next, we start with 0 = [yˆi, xˆ0],
0 = [yˆi, xˆ0] = [xαφ
α
i , xαϕ
α
0 ] = xβ[xα, ϕ
β
0
]φαi + xα[φ
α
i , xβ]ϕ
β
0
(83)
= xβϕ
β
0,α
φαi − xαφ
α
i,βϕ
β
0
=✘✘
✘✘x0ϕ
0
0,0φ
0
i −
✟
✟
✟
✟
xαφ
α
i, jϕ
j
0
− xαφ
α
i,0ϕ
0
0, (84)
and obtain the condition on φα
i,0
as
φαi,0 = 0. (85)
The commutation relation [yˆi, xˆ j] gives,
0 = [yˆi, xˆ j] = [xαφ
α
i , xαϕ
α
j ] = xβ[xα, ϕ
β
j
]φαi + xα[φ
α
i , xβ]ϕ
β
j
(86)
= xβϕ
β
j,αφ
α
i − xαφ
α
i,βϕ
β
j
= xkϕ
k
j,0φ
0
i − xlφ
l
i,kϕ
k
j − x0φ
0
i,kϕ
k
j (87)
This gives us the condition
φ0i,k = 0 and φ
l
i, j + aδ
l
jφ
0
i = 0. (88)
Now, using eqn. (3), we get
0 = [yˆ0, yˆ0] = xβ[xα, φ
β
0
]φα0 + xα[φ
α
0 , xβ]φ
β
0
= xβφ
β
0,α
φα0 − xαφ
α
0,βφ
β
0
= 0. (89)
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Using the realization for yˆ0, yˆi in yˆi = [yˆ0, yˆi] gives
axαφ
α
i = xβ[xα, φ
β
i
]φα0 + xα[φ
α
0 , xβ]φ
β
i
= xβφ
β
i,α
φα0 − xαφ
α
0,βφ
β
i
, (90)
After simplification, we get the following condition from the above equation,
a(x0φ
0
i + x jφ
j
i
) = x jφ
j
i,k
φk0 − x jφ
j
0,k
φki . (91)
This sets φ0
i
= 0. Let us now gather together the results to obtain a realization for yˆ.
φα0,0 = 0 and φ
0
0, j = 0⇒ φ
0
0 = const. = k1
φαi,0 = 0 and φ
0
i, j = 0⇒ φ
0
i = const = 0. (92)
Using eqn. (88) and (85), we can write φi
j
= const. = k2δ
i
j
. Finally, condition, (82) give us,
φk0 = −ak3δ
k
jφ
0
0p
j. (93)
where k3 is an integration constant. We can now write,
yˆ0 = x0φ
0
0 + xiφ
i
0 = k1x0 − ak1k3xkδ
k
j p
j, (94)
yˆi = x0φ
0
i + x jφ
j
i
= k2x jδ
j
i
. (95)
We will now fix the constants by substituting in eqn. (3),
[yˆ0, yˆi] = [k1x0 − xik3k1aδ
k
j p
j, k2x jδ
j
i
] (96)
= −k1k2k3[xkδ
k
j p
j, xlδ
l
i] = −ak1k2k3xkδ
k
jδ
l
i(−i)δ
j
l
= iak1k2k3xi. (97)
Hence, we get the condition that k1k3 = 1 and k2 is arbitrary. We choose k2 = 1 and k1, k3 = 1 to have the
correct commutative limit. With the commutation relation, [yˆi, yˆ j] = 0, we can immediately verify that the
realization we obtained is consistent. We thus write the expression for yˆ as
yˆ0 = x0 − ax j p
j, yˆi = xi. (98)
B. HAWKING TEMPERATURE USING IMAGINARY TIME METHOD
We start with a spherically symmetric metric in the deformed spacetime,
ds2 = − f (r, a) dt2 + f −1(r, a) dr2 + r2g(a) dΩ2. (99)
with f (r, a) is a function with dependence on the deformation parameter a and invariant under 3-dimensional
rotations. g(a) is an arbitrary function of deformation parameter and independent of r, θ, φ.
Our idea is to expand the metric around the point of singularity and for that let (see [45] for more details)
f (r∗, a) = 0 and now expand f (r, a) near r = r∗. With r = r∗ + υ (υ << 1).
f (r∗ + υ) ≃ υ f
′(r∗) (100)
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and our metric will then take the form (using υ = ǫ2 for convenience),
ds2 = −ǫ2 f ′(r∗, a) dt
2 + 4ǫ2
[
ǫ2 f ′(r∗, a)
]−1
dǫ2 + (r∗ + ǫ
2)2 g(a) dΩ2 (101)
With the substitution, t = iτ,
ds2 = ǫ2 f ′(r∗, a) dτ
2 + 4ǫ2
[
ǫ2 f ′(r∗, a)
]−1
dr2 + (r∗ + ǫ
2)2 dΩ2
=
4
f ′(r∗, a)
dǫ2 +
(
f ′(r∗, a)
2
)2
ǫ2dτ2
 + (r∗ + ǫ2)2 g(a) dΩ2
. (102)
The coordinate τ is not restricted in range and hence the circumference of a circle of radius ρ in this metric will
not be 2πρ. In other words, the resulting spacetime is a cone rather than flat. The condition to avoid a conical
singularity will be
| f ′(r∗, a)|
2
∫ β
0
∫ r∗
0
ǫ dǫ dτ := πr2∗ =⇒ β
′ =
4π
| f ′(r∗, a)|
. (103)
where β′ is the periodicity of τ. Another way to look at this condition as follows. Let us define a quantity,
Θ =
f ′(r∗,a)τ
2
. Then, the metric expressed in terms of Θ will be that of a sphere of radius ǫ. Hence, we can
demand periodicity for our angle variable, i.e.,
Θ ≈ Θ + 2π⇒ τ ≈ τ +
4π
f ′(r∗, a)
. (104)
Following the connection between path integral formulation in Euclidean time and statistical mechanics, we
can write the partition function of a system at temperature, β as
Z(β) = Tre−βH =
∫
q(0)=q(β)
Dqe−S E (q). (105)
This immediately tells us that the periodicity β′ (given in eqn. (103)) can be identified with inverse temperature.
It should be emphasized that we are identifying the periodicity, which depends on the deformation parameter
a, with the temperature β in the above expression and thus the resulting temperature will have a deformation
dependence.
In our case, f (r, a) = 1 − 2GMe
−2ap0
r
and we get, f ′(r∗) =
1
2GMe−2ap
0 , where r∗ = 2GMe
−2ap0 . Recognising,
T = 1
β
we arrive at the expression for temperature given in eqn. (68).
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